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Abstract. We discussed utilit y-based pricing of defaultable bonds where their
recovery values are unpredictable. By considering an optimal investment problem
for bond holders, we have derived simultaneous partial integro-di eren tial equations
that the utilit y-basedbond price solves. We have alsoillustrated their numerical so-
lution. We aimed to extract credit risk premium from the yield spread of defaultable
bonds and to classify them to default-timing risk, recovery risk, and spread risk.
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1. Intro duction

The risk related to default everts is called Credit risk. Credit risk is
not simple asit is a composition of risks sud as default-timing risk,
recovery risk, and spreadrisk. In this article, we are concernedwith
the structure of the credit risks and their premiums, especially in the
context of expected-utility maximization.

Much has beenwritten about credit risk. For example,Due and
Singleton (2003) and Schenbucher (2003) are good texts for researders
and practitioners. Bieledi and Rutuk owski (2001) described the math-
ematical details of credit risk models. Schenbucher (2000) and Wei
(2006) survey recert work.

Let us start our discussionfrom the corporate bond model proposed
by Merton (1974). It is the origin of the structural form approad in
which bondsare the seniorclaimsto rm values.In the Merton model,
default occurs only at the maturity of the bond and the rm value
is a geometric Brownian motion. Black and Cox (1976) developed the

Y The views expressedare solely those of the author and do not necessarilyre ect
those of Mitsubishi UFJ Trust Investment Technology Institute Co., Ltd.
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model sothat the default time is the rst hitting time of the rm value
to its liabilit y. In those models, the default time is predictable and the
bond is a redundart security.

Many dewvelopmerts of the structural form approad derive an un-
predictable default time with an unobsenable default trigger?, a noisy
obsenation of the rm value?, or a jump of the rm value®. These
models have nite default intensities and so the default-timing risk is
isolated from the stock price change. Therefore, the defaultable claims
are no longer redundart.

Theseincomplete structural models are essetial not distinct from
the reduced form approad in which default intensity is directly con-
sidered. The models that are described by stochastic default intensity
are often called types of the doubly-stahastic model*. An alternativ e
way of modeling default intensity-dynamics is to relate it to credit-
rating migration®. Both these models, which have dierent concepts,
are uniformly described as conditional Markov chain models 6. We
describe defaults using a doubly-stochastic model in this article.

Another inconspicuousbut important credit risk is in recovery (or
Loss-Given-Default). If a defaultable claim holder cannot predict the
recovery value of what they hold, they are exposedto the recovery
risk. Although recovery risk is paid less attention the default-timing
risk, it sometimesplays crucial role at the time of settlement of claims
written on defaultable bonds or their portfolio, as with collateralized
debt obligations.”

The simplest model of recovery is the zero-recowery model. It can
also deal with bonds that recover constart value at their maturity
and henceare mimicked by zero-recoery and default-free bonds. The
modelsthat expressa recovery value by a predictable processmay be
more acceptablefor practitioners. If the recovery value of a bond is in
proportion to its pre-default price, it is called fractional-recovery.

Recen studies modeled unpredictable recovery values by normal
distributions 8, by log-normal distributions ?, or by logit transformation

Giesede and Goldberg (2005)

Due and Lando (2001), Nakagawa (2000)

Dao and Jeanblanc (2006), Courtois (2006)

Due and Singleton (1999)

Jarrow, Lando, and Turnbull (1997), Kijima and Komoribayashi (1998)
Bielecki and Rutk owski (2003)

" If the expected lossesare the same, low-Default-Probabilit y and high-LGD
collateral is more harmful for the senior tranche than high-DP and low-LGD ones.
Hence the former is more damaging to subordinated tranches.

8 Frye (2000)

% Pykhtin (2003)
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of normal distributions 1°. Dllmann and Trapp (2004) compared those
models empirically. Schuermann (2004) studied the historical recovery
rates of individual defaults basedon the market price of the defaulted
bonds and showed that their distribution changeson a macroeconomic
state.!! In this article, we model recovery valuesusing truncated normal
distributions with dependenceon a macroeconomicstate.

Default-timing risk and recovery risk are direct risks for defaultable
claim holders. There is also another kind of credit risk called spread
risk. Spreadrisk is the risk of potential lossthat arisesfrom increases
of information. The potential losscan be measuredby presen values,
and the presen valuesof defaultable bonds are usually represened by
yield spreadsfrom default free bonds. Therefore, we call it spreadrisk.

If there exist an in nite number of obligors, obligeesare able to
diversify away their credit risk and risk premiums should theoretically
vanish becauseof the asymptotic arbitrage free principle.'? But seweral
empirical researtes suggestthat there are somecredit risk premiums
in real markets.

In respect to the default-timing risk premium, Driessen(2005) stated
that the default intensity on the risk neutral measureis about twice that
estimated comparedto the physical measurein the American corporate
bond market; he also included tax and liquidit y adjustments. Berndt
et al. (2005) reported that they found a ratio of 2.032 as the median
estimate in the American default swap market.

On the other hand, Du ee (1999) concluded that the spread risk
is positively priced in the corporate bond market. Farnsworth and Li
(2003) did not estimate default intensity processe®n the physical mea-
sure, though they found that the unconditional mean of the common
part on the risk neutral measureis much higher than its obsened value.
Driessen (2005) also found that the common part of spread risk is
positively priced, but that the rm-sp ecic part is not. The empirical
result from Feldhetter and Lando (2005), who constructed a credit
rating migration model with latent factors, is that the slope factor of
the spreadrisk is priced but the level factor is not.

The theme of this article is to investigate credit risk premiumsin an
incomplete market using utilit y-based pricing, which is the most used
method of pricing in nance and economics.Bieleki and Jearblanc
(2004) discussedthe utilit y-indi erence price of defaultable claims by
a badkward stochastic di erential equation. For other applications of
utilit y-basedpricing for credit risk, seealsoCollin-Dufresne and Hugonnier
(2001) and Sircar and Zariphopoulou (2006).

10" schenbucher (2003)
1 Hu and Perraudin (2002) and Altman et al. (2005) also pointed out this fact.
12 Jarrow, Lando, and Yu (2005)
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We consider a concrete example of the bond holders' investmen
problem in which the bond itself is not tradable. We derive a partial
integro-di erential equation that the utilit y-based defaultable bond
prices should satisfy, and show its behavior by numerical calculations.
Changing parameters, we can choose componerts of theoretical bond
yield term structure, sud that expectedlossand seweral risk premiums.
Our researtr may help us to decipher the market evidencesof credit
risk premiums shovn by empirical studies.

The rest of this article is organizedasfollows. In section2, we de ne
a doubly-stochastic model of defaultable bonds with recovery risk. In
section 3, we consider an optimal investmert problem for defaultable
bond holders. In section 4, we discussutilit y-based pricing of default-
able bonds, and derive a partial integro-di erential equation for it. We
solve it numerically in section 5, and shaw the results of yield-spread
decomposition. Section 6 concludesthis article.

2. A Simple Mo del of Defaultable Bonds

In this section, we construct a simple model of defaultable bonds that
are recovered unpredictably at their default time. Considera complete
probability space( ;F;P) on which a d-dimensional standard Brow-
nian motion w : [0;T]! RYupto a xed time horizon T, and a
couple of uniform random variables (U;V) : ! [0;1]° are de ned.*3
We assumethat w, U, and V are mutually independert. Dene a
ltration  (Ft)2(0:77 as follows 4

Fii= fwg;s tgg F=Ft_ fU Vg

DEFINITION 1. Consider that there exists a stochastic vector process

X [0;T]! X RP that is a strong solution of the following
stochastic di er ential equation®®.
dX¢ = MXp)dt + A(X¢)dw: (1)

We regard (X) as a state vector.

DEFINITIQN 2. Supmse a function i : C(X ! R*) such that
E P [exp( OTdsﬁ(Xs))] > 0 for any Xg 2 X. De ne nondereasing

13 SeeProtter (2003) for mathematical details.

14 We assume that the all ltrations in this article are complete and right
contin uous.

15 All hatted functions are deterministic (i.e. do not dependon ! 2 ) in this
article. Subscriptions with them denote partial derivatives,@f’\(x; y;z) by f’\x(x; y;2)
for example.
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continuous processes ; . [0;T] ! R*, an indicator function

H . [0;T]! fO0;1g, and a stoppingtime : ! [0;T] _flg as
follows. 7
t

vE A(Xs)ds; )

Hi = 1. . us 3)

n )
=inf ft2 [0;T];H = 1g_flg ; (4)
te= - (5)

PROPOSITION 3. De ne astochastic processfunction M [0;T]
B([0;1])! R anda Itr ation (G)i2[0;73, Which representsthe informa-
tion open to the market, as follows;16

M(t;B) = lyagHy  (B) ¢ (6)

G:= fwsM(s;);s tg; (7

where () and B() denote the Leslegue measure and the Borel eld,
resgectively, sothat M (t; B) is a (P; (G))-martingale for any B.

Proof. For the rst term of equation (6), the expectation value is,

E[lv2sHTjG] = 1lv2eP(e ' UjG)+ (B)P(e T U<e 'jG)
= lvegHt+ (1 Hy) (B)E[1 e' TGl

On the other hand, for the secondterm, that is,
E[ iG] = ¢+ (1 HYEI[E[ 7 U< e ']jG]
= +(1 HyE[1l e' TGl
Therefore M (t; B) is a (P; (G))-martingale.
Q.E.D.

PROPOSITION 4. is a(G)-totally inaccessiblestoppingtime whose
intensity at time t is givenby 1 A(X4).

Proof. For any (G)-predictable stopping time S, there existsa (G)-
stopping time sequenceS,, < S sud that limp;  Sp = S. BecauseS,
is (G)-measurable,

P(Sh=5s s> U vif 10t 0)=P(Sh=95 s> U & 0);

16 Note that F  Gr is not guaranteed.
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forany 0 s < v. The distribution of conditionedby S, andf g o
becomes,

P(s< ViSh = s;f 0t o)
= P(s< jSh=sif g o)P(  vVis< ;f a o)
P(s< jSh=s;f g o)1 es V):

Therefore the conditional probability density of atv > S, is nite as
follows.

: 1 -
“Qno P(v< V+ jS,=59)

n% YP(s< V+ jSp=s) P(s< ViSh = 8))

R
= lim 'P(s< Sh=9E* ‘( e o duiXveuy)
= P(s< jSn=9)E[es “A(X,)]<1:

Recallthat S> S, wegetP( =S<1)=0.
Q.E.D.

Consider that an obligor whose default time is given by  hasissued
a bond that yields a unit cash ow per shareat time T if the obligor
hasnot defaulted, i.e.if > T. If the obligor has defaulted beforetime
T, its recovery value is to be paid for the holder per their shareat the
default time

We de ne the recovery as the fractional recovery of market value
at default as follows. We can assumethat the bond price is a (G)-
adapted processdenoted by p; at time t, and p; = limg ps is to be
(G)-predictable. Suppose a function " : [0;1] X ! [0;1] which is
non-decreasingwith respect to its rst argumert. We put the recovery
value (V; X )p with the random variable V. Note that the recovery
value is (G )-measurable.

3. An Optimal Investment Problem for
Defaultable Bond Holders

In this section, we consideran optimal investmert problem for default-
ablebond holders,and derive a partial integro-di erential equationthat
their expected utilit y functions solve.

Consider an investor who holds the defaultable bonds of F. We
prohibit trading the defaultable bond. In other words, the investor holds
the bond of constart F until its default event or maturity. Assume
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that the investor'sterminal utilit y at time T is expressedy a function
0 :C%R* ! R*) whosederivativessatisfy the inequities of 09 ) > 0
and 0°%) < 0.

We considera simple market in which a setof risky assetsare traded.
Their prices are to be described by an n-dimensional vector process
(St)i2[0;77- Assumethat they are geometric Brownian motions as;

dsl = Si( jdt+ idw); Sh= 1 @)

where S| denotesthe i componert of the vector S;, denotesan n-
dimensional constart vector, and denotesann d constart matrix.
We put d nand ; | = 1i-; .We assumethat a bank accourt is
alsotraded in the market, and its price is always 1. Thus the risk free
interest rate is always 0.

Supposethe set of all admissible strategiesis . Any 2 s an
n-dimensional vector valued (G )-predictable processeghat denotesa
fraction of the portfolio investedin risky assetsand satis es E[ OT 2dt] <
1 . Hencethe cash ow yielded by the bond up to time tis H¢"*(V; X a¢)p( ay)
the self- nancing wealth processexcludingthe presert value of the bond
with any strategy 2 solves the following stochastic di eren tial
equation with jump;

Z th [
W, =Wo+ s W, (ds+ dws)+ FA(ViXs)ps dHs = (9)

If the issuer has not defaulted up to time T, the bond is cleared by
1. Therefore the utilit y maximization problem of the bond holder is
expressedas follows.

= argsupE[O(W; + F(1  H7))]: (10)
2

We assumethat the bond price is given by somedeterministic function
"2 CZZYRY X [0;T]! [0;1]) as,

p= (W ; X5 t): (11)

Consider a stochastic processY : [0;T]! R foreach 2
which solvesthe following backward stochastic di eren tial equation'’;
Zy
Y, = OW;+F@ Hy)) "Hs ;W ; s ;Xs8)ds
t

17 For the general information about BSDEs in nance, seeDue and Epstein
(1992), Cvitani c and Karatzas (1993), Ma, Protter and Yong (1994), Due, Ma and
Yong (1994), and El Karoui, Peng and Quenez (1997). Rong (1997) and Becherer
(2006) studied about BSDE's with jumps. Bielecki and Jeanblanc (2004) applied
BSDE to derive utilit y-indi erence price of defaultable claims.
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Z1
2(Hs ;W5 ; s ;Xs;S)dws
Z.z
R(V; Wy ; Xs;S)M (ds;dv): (12)
t [0;1]

To well de ne Y, , we assumethe following.

R
SSUMPTION 5. All of OTdsjA(HSR;WSR; s 1 Xs:9)j,
0 dsi2(Hs ;Ws ; s ;Xs;9)j% and 4§ ds g dvjg(v;Wg ;X5 ;s)j are
nite almostsurelyatany 2 , Xg2 X, and B 2 B([O; 1]).

Consider functions Yo 2 CZZYR* X [0;T]! R) and ¥; 2
C%1(R* [0;T]! R) which satisfy terminal conditions,

Yo(W; X;T) = O(W + F); (W, T) = O(W);

and whosederivativ es satisfy the following inequities at any W 2 R*,
X 2 X,andt2[0;T];

o(W; X;t) < 0; Yo (W;X;t) < 0; Yoww (W;X;t) > 0;
Wity <0, YrwWi)< 0 Yrww(Wit) > O

PROPOSITION 6. The BSDE (12) has a unique solution that is ex-
presse by Yo( ) and ¥1( ) asfollows,

Y, = Y(HGW X)) = (1 H)Po(W, ; X;t) + HePu(W, ;t); (13)

if we put ’\( ), 2( ), and ®( ) as follows, resgectively, and they
satisfy assumption 5.

NHIW~X5t) = W~ S (H; W X51) + %W2~2?ww(H;W;X;t)
+A(X)¥x (H; Wi X t) + AZ(ZX)Qxx(H;W;X;t)
+W~ AT Py x (HIW; X0 1) + F(H Wi Xt
+1  H)R(X) o ]dvk(v;W;X;t); (14)

1
AH;W; ~ X31) = W~ iy (H; W X5 1) + ¥ (H; Wi X 1) A (X ); (15)
R(V;W; X 1) = DWW+ FAVX) (W X)) Fo(W; X5 1):(16)

Proof. Applying the Ito formula, we canseethat ¥( ) solvesequa-
tion (12). It alsosatis es the terminal condition. Hence,the coe cien ts
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do not cortain Y, itself and the uniquenessis trivial.
Q.E.D.

Note that if the conclusion of proposition 6 holds, Y; depends on
the strategy  only through W, . Equation (13) means that Yol )
and ¥1( ) represen the value of Y, before and after the default
respectively.

De ne afunction 2 :f0;1g R* X [0;T]! R" asfollows;

Yw (H; W; X; t) AT(X) Ywx (H;W; X t)

W Qww (H; W; X 1) W fww (H;W Xt
(17)

ANH; WX t) =

THEOREM 7. Assumethat ¥( ) solvesthe following partial integro-
di er ential equation;

LR RV )+ T 06) B (H WX 1)

2 Yww (H; W; X;1)
FAX) T (HIW X 0) + AZ(ZX)?xx(H;W;x;tH Q(H; W X5 1)
y
1

Moreover, assumethat it satis es the assumption5 via equations (14),
(15), and (16). If a strategy de ned by a dynamic programming such
that ; = "(Hy;W; ;Xy;t) is admissible,thenY, becomesa (P;(G))-
submartingale for any 2 , and only makesY; a (P;(G))-
martingale.

Proof. Equation (18) make Y, a (P;(G))-local martingale hence,
2
"HW; = Xt = %W29ww(H;W;X;t) ~ AHWXGE)

Moreover, assumption 5 guarartees that Y, becomesa (P;(G))-
martingale. Recallthat we assumed?ww ( ) > 0, thusthe submartin-
gale property of Y, is trivial.

Q.E.D.

We give the following corollary without proof.

COROLLARY 8. If equation (12) hasa setof solutions suchthat Y; is
a (P; (Q))-submartingalefor any 2 , andis a (P;(G))-martingale
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for some unique strategy. Then, the optimal strategy and the expected
utility of the investor are given as follows.

= argsupE[O(W; + F(1 H7))] = arg inf E[Vr ] (19)
2
SUpE[0(Wr + F(L Hr)GI=  inf EIYrjGI= Y @ (20)

Therefore, if we have a solution of equation (18) that givesan admis-
sible ,then Y, and are the expected utilit y and the optimal
strategy, respectively.

Here we note that the rst term of equation (17) represeis the
growth optimal portfolio, and the secondterm represetts the hedging
portfolio for the increaseof future default risk (i.e., the spreadrisk).

4. The Price of Defaultable Bonds

4.1. Utility-Based Price

We do not allow any trading of the defaultable bond as there is no
market price in the usual sense However we can consider utilit y-based
pricing from the expected utilit y.

At the rst step, we considerutilit y-indi erence pricing. The utilit y-
indi erence pricing of defaultable bond is de ned to keepbond holders'
expectedutilit y at latent callings (or purchases)of the bond. Therefore
the utilit y-indi erence price is denoted by a function of their wealth,
state processesand time as §(W; X ;t), which satis es,

LW + FQW; X;1);1) = To(W; X 1); (21)

att < .Henceweassumedthat ¥;(W;t) is amonotonically decreasing
function with respect to W and there exists an inversefunction, which
canbe denotedby I'(Y;t). G(W; X ;t) is represented by I'(Y;t) explicitly
as follows.
1
aW: X;1) = = MW X51i1) W (22)

Therefore, §(W; X ;t) 2 C%21,

Next, we consider marginal utilit y-based pricing of the defaultable
bond. The basicidea of marginal utilit y-basedpricing is well known in
the elds of economicsand nance. It is de ned asto suppresstrading
for the investors. If for any agert in the market, the market price is
their marginal utilit y-based price; as well, it is also an equilibrium-
price, i.e., the market is in an equilibrium with it. Besidesif we can



Utilit y-Based Pricing of Defaultable Bonds 11

supposea represenmativ e investor, their marginal utilit y-based price is
an equilibrium-price. The modern style of the de nition of the marginal
utilit y-based pricing in incomplete markets is given by Davis (1996).

In the rest of this subsection,we describe the dependenceto holding
amourt of the bond F explicitly as Yo(W; X ;t;F) or W;X;t;F) and
soon.

DEFINITION 9. If a function p(W; X;t; F) satis es the following in-
equality at any F°2 R* which satises (F® F)p(W;X;t;F) W, it
representsa marginal utility-b asel price of the defaultablebond;

VoW (FO F)BW;XGF) X HFY  Yo(WXGHF): (23)

Equation (23) meansthat if a bond holder sells (or buys) bonds with
a marginal utilit y-basedprice, their expected utilit y doesnot increase.
Thusif they cantrade the bond in the market at their marginal utilit y-
basedprice, no trading is rational for them.

Hugonnier, Kramkov and Schachermayer (2005) argued the unique-
nessof marginal utilit y-based prices basedon the existenceof equiv-
alent martingale measures.Howewver, as we assumeit the following
proposition relatesthe marginal utilit y-basedbond price to the utilit y-
indi erence bond price.

PROPOSITION 10. If there existsa marginal utility-b asel bond price
P(W; X ;t; F) uniquely, it is related to the utility-indi er ence bond price
a(W; X;t; F) as follows.

AW, X5t F) + FOR(W, Xt F) |

P(W; X;t;F) = 1+ Faw(W;X;t;F)

(24)

Proof. Put W%:= W (F® F)p(W;X;t;F). From equation (21)
and QO;W( ) < 0, we get the following inequities,

FOWSXGLFY)  FAWXILF), o Co> .

p(W; Xt F) F0 E <

Therefore if the marginal utilit y-based bond price is uniquely well
de ned, it satis es,

AW XS F) = % FW  (F° F)PW; Xt F) X 6FY jror
= QW XGGF) + Fae (W XGEHF)  Faw (W Xt F)(W: Xt F):

Q.E.D.
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4.2. The Case of Exponential  Utility

To give a concrete calculable example, we considerthat the investor's

utilit y is expressecby an exponertial form asO(W) =1 e 2V where

a> 0istheir risk aversion parameter. Moreover, assumethat the bond
. N . .

price " () doesnot depend on their wealth. In this case,we can put,

Yo(W; X ;1) = e BAWHR)g(X:t) 1 Yo(W:t) = e W) 1

, respectively, where the terminal condition f'\(T) = ¢(X;T) = 1 holds
at any X 2 X. Equation (18) leads,

;f“(t) shm=0 fy=e 7TV,

and,
(ATXDN2E (Xt N AT .
5 g(x;t) + MX) (X) 0x (X;t)
*Az(zx)gxx(x;t)+g[(x;t)+ﬁ(X) F (1 MX0TD)gxsh) =0,

(25)

wherewe put f: X R* ! [0;1] as follows to denote the certainty

equivalent of the stochastic recovery ratio;
z

1 1 Ax YAy
AX;t) = ————1In  dve 3 X"VX). (26)
aF (X;t) 0
Note that the all assumptions about inequalities of ¥( ) and their
derivativeswith respectto W hold if §( ) > O.

From equation (22), the utilit y-indi erence price of the defaultable
bond doesnot depend on wealth W, it is given by,

In§(X;t)
X;t)y=1 ——=; 27
aX:1) S (27)
or inversely

g(xX:t) = gaF (1 a(X:1)). (28)
Substituting it to equation (25), we get a partial integro-di erential
equation in which the utilit y-indi erence bond price must satisfy;

aF o AT 2 A2 (y- h,\ AT ! )
- X) (M (X)) & (X;1) (X) (X) ok (X;1)

AZ(X)
2

Gx (X51) G (X:t) + ﬁ;_ﬁ) gfFXna ) g =
(29)



Utilit y-Based Pricing of Defaultable Bonds 13

Hencep(X;t;F) = @ (F§(X;t;F)), dierentiating the equation (29)
by F, we get the following partial integro-di erential equation for the
marginal utilit y-basedbond price;

aF "(X)  (AT(X)? ax (X t)px (Xt)

h | /\Z(X)
AX) AT B = (G (XY
+A(X e’ XDE AX ) X MX;t) = o (30)

Using the marginal utilit y-basedbond price asthe bond price, ’\(X ) =
p(X;t), Equations (29) and (30) composesimultaneous partial integro-
di erential equations.

5. A Numerical Example

5.1. The Default Intensity and Recovery Model

We solve equations(29) and (30) numerically, and calculate the marginal
utilit y-baseddefaultable bond price. Considerthat the state vector X
is a scalar valued Ornstein-Uhlenbedk process,sud that,

dXi = x( x hdt +  x dw; x > 0; (31D
and the default intensity function is given as follows.'®
A(X:) = exp(X{)=10000 (32)

We put =  §= xj, represeting the hedgeability of the spread
risk by the risky assets.If j j = 1, the spreadrisk is fully hedgeable.
Contrarily, if j j = 0, there is no way to hedgethe spreadrisk. In the
caseof 0< j j < 1, the spreadrisk is partially hedgeable.

The bond holder is exposedto the hedgeablepart of the spread
risk via the risky assetportfolio, aswell asthe defaultable bond itself.
In this article, we modeled the asset price processesof the external
market by simplelognormal processe$8). However, the assetclassmost
correlating with the defaultable bonds is the defaultable bonds them-
selwes. Sothat the hedgeablepart roughly correspondsto the common
(systematic) part of the spreadrisk that represens the macroeconomic
condition. On the other hand, the unhedgeablepart represeins the
rm-sp eci ¢ part of the spreadrisk.

18 This is called the Black-Karasinski model. Black and Karasinski (1991) applied
their model to the risk free interest rate.
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We put the parametersas x = 1.232, x = 0427, x = 3:219,
and = 0:482 which are estimated by Berndt et al. (2005) for the
American broadcast-eriertainment rms. 1° For the external market,
weput n=1and = 0:2.

Next, let us specify the distribution of recovery values. We assume
that "*(v;x) hasa inversefunction with respect to v, which is denoted
by ~(v;x). We put A ) asthe truncated normal distribution function
sud as,

Z \%
L AYAYiX) = Noa(viB0; "))
N (v 1,8x); ")) N(©0;80x); "(x)) . (33)

N (2800; ")) N(0:B(x); "(x))

whereﬁ(x) and ’\(x) > 0 aresomedeterministic functions, and N (v; b; )
denotesthe cumulative normal distribution function with meanb and
standard deviation

From empirical studies about recovery??, there exists a negative
correlation betweenthe default intensity and the recovery ratio. Table
I shows the mean, standard deviation, and percenile points of the
historical recovery ratio for NBER recessionsand expansions?l We
estimated parametersfor the model to match meansand standard de-
viations of the recovery ratio from historical values.Figure 1 illustrates
the distribution of the recovery ratio mimicked by truncated normal
distributions.

We regard that the market is in expansionif X; x, and in
recessionif X x + pzx—_x where pzx—_x is the unconditional standard
deviation of X¢. If x < X{< x + p% we simply linearly interpolate
the certainty equivalent of the recovery ratio for both states. We use
the above asymmetrical boundariesbecausethe obsenations in periods
of recessionare only 332 amongthe total of 2035o0bsenations.

Figure 2 shaws the yield spread of the defaultable bond to the
default intensity and the duration, 9(ﬁ(x);t) = % Inp(x; T t).
All graphs illustrate that wide spreadsare required for higher default
intensities. The spread becomestight asthe duration becomeslong at
higher default intensities. Contrarily , it becomeswide at lower default
intensities. This phenomenonis explained by the meanreversion prop-

19 They estimated default intensities by Moody's KMV EDFs. In their researd,
they estimated the specic x for eadh rm. We usethe median of the estimation
for 19 rms in the sector.

20 Hu and Perraudin (2002), Schuermann (2004), Altman et al. (2005).

2l This de nitely denotes the distribution of the ratio between defaulted bond
prices and their face values.
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Table I. Recoveries acrossthe businesscycle

Mean  Std. Dev. Historical Truncated normal
25% 50% 75% 25% 50% 75%

Recessions | 32.07 26.86 10.00 25.00 48.50 | 11.31 26.42 49.41
Expansions | 41.39 26.98 19.50 36.00 62.50 | 18.35 38.12 62.09
All 39.91 27.17 18.00 34.50 61.37 | 16.56 35.85 60.53

(Mo ody's, 1970-2003) from Schuermann (2004)

Recoveries by Truncated Normal
3 T T T T
Recessions

““““ Expansions
=== Al

25

Probability
=
[9)]

[
T

05

0 0.2 0.4 0.6 0.8 1
Recovery ratio

Figure 1. Recovery distribution approximated by truncated normal distribution

erty of the default intensity. Comparing the graphs, we nd that the
spread becomewider with an increaseof the bearing risk F and the
risk aversion parameter a.

5.2. Spread Decomposition

The decomposition of yield spreadsto risk premiums and expectedloss
rates suggestthe risk-return structure of the defaultable bonds.

The yields of defaultable bonds cortain risk free interest rates, ex-
pected lossrates, and risk premiums, which are de ned the yields not
involving risk free interest and expected lossrates. In our model, risk
free interest rates are assumedto be zero so that the yields and the
yield spreads are not distinguished.

Hence we have consideredthree kinds of credit risk. We can also
categorize risk premiums for ead risk. On the other hand, we can
categorizerisk premiums along another axis basedon the relationships
to the external market. The hedgeablepart of the spreadrisk is priced
exa@enouslyby , which is the risk premium of the risky assets.The
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Figure 2. Yield spread of the marginal utilit y-based bond price [%)]

unhedgeablespreadrisk and the other risks, the default-timing risk and
recovery risk, are isolated from the external market; therefore, their
prices are determined endayenously depending on the bond holder's
utilit .

Changing the parametersasin table |1, we can choosethe contents

of the yield. Cells of enableuse the value of table Ill. It is better to
considerin inverseorder as follows to understand this trick.

At step 5, the yield corntains all the componerts.

At step 4, we change to zero, then the exogenousspread risk
premium has vanished.

We set = 1 at step 3, then the unhedgeablepart of the spread
risk has vanished.

At step 2, we replacethe recovery value by its expectation. Thus
the recovery risk premium has beenremoved from the vyield.

Finally, we change the bond holding amount F to zero at step
1, then all-endogenousrisk premiums have vanished. Hence, the
exogenougisk premium hasalready beenremoved and the yield
is equivalent to the expected lossrate.
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Table Il. Contents of yield and corresponding parameters

step | contents of yield | F | recovery |
1 expected loss rate 0 average 1 0
2 + default timing risk premium enable | average 1 0
3 + recovery risk premium enable enable 1 0
4 + endogenous spread risk premium enable enable empirical 0
5 + exogenous spread risk premium enable enable empirical | enable
Table I1l. Parameters of each gure

position | aF | recovery

left-top 0.5 | expansion/recession | 0.2

right-top 1.0 | expansion/recession | 0.2

left-b ottom 0.5 | expansion/recession | 0.5

right-bottom || 0.5 all 0.2

We shaw the numerical results of yield-spread decomposition in g-
ures3 and 4, which arein expansion(X; = x 92X=x) and in recession
(X¢= x+ 92X=X), respectively. Each gure contains four graphsbased
on di erent parametersas showvn at table I11.

Weregardthe left-top (LT) asthe basescenario.The right-top (RT)
is the scenariowhere the investor is more risk averse(i.e., a is greater)
or the amourt of the bond F is greater. The left-bottom (LB) describes
the scenariowherethere existsa higher exogenousspreadrisk premium.
At the right-bottom (RB), we ignore the default intensity dependence
of recovery distribution, sothat those parametersfor all in table | are
usedin all the range of X;.

Figures 5 and 6 shav the amounts of risk premiums relative to the
expected lossrate. We also draw the conditional recovery ratio??,

The terminal yield spreadis usually regardedasthe default intensity
on the risk neutral measure.Berndt et al. (2005) estimated the ratio
of the default intensity between physical and risk neutral measuresas
1.497(median) and 2.037(mean). Each setting aF = 0:5and aF = 1.0
roughly reproduced their estimation, respectively (gures 5,6 LT,RT).
We also ascertainedthe following evidence;

22 They arecalculated by 1 (In p?)=(In p?) where each p? and p? denotesthe bond
price at step 1 with them having recovery (a) and zero recovery (b) respectively.



18 Tomoaki Shouda

100 100
80 80
Expected loss rate
T 60 Z 60
2 All components =
k: : g
T 40 S 40
3 g
20 20 //
0 0
0 1 2 3 4 5 0 1 2 3 4 5
duration duration
100 100
80 80
T 60 7 60
=) =2
® k :
b} 40 3 40
& &
20 / 20 /
0 0
0 1 2 3 4 5 0 1 2 3 4 5
duration duration

Figure 3. Decomposition of a yield spread in expansion; the stack of exogenous
spread risk premium, endogenous spread risk premium, recovery risk premium,
default-timing risk premium, and expected loss rate
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Figure 4. Decomposition of yield spreadin recession(see g. 3)
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Figure 5. The value of risk premiums relative to the expected loss rate, and the
conditional recovery rate in expansion (exogenousspread risk premium, endogenous
spread risk premium, recovery risk premium, default-timing risk premium)
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Figure 6. The value of risk premiums relative to the expected loss rate, and the
conditional recovery rate in recession(see g. 5)
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1. The risk premium at a zero-duration terminal mainly consists of
the default-timing risk premium.

2. The main factor of the yield spreadterm structure that increases
is the exogenousspreadrisk premium.

3. The recovery and endogenousspread risk premiums are relatively
small. However, they rise to becomeimportant with aF (gures 5,6
RT).

4. To reproduce an increasing term structure in a recession,a rela-
tively high exogenousspread risk premium ( 0:5) is required
(gure 4LB).

5. Correlation betweenthe default intensity and the recovery distri-
bution slightly reducesthe conditional recovery value ( gures 5,6
RB).

6. Conclusion

In this article, we have discussedutilit y-based pricing of defaultable
bonds that was derived from an optimal investmert problem of bond
holders. We have then investigated the componerts of credit risk and
their theoretical premiums.

Credit risk can be decomposed into default-timing risk, recovery
risk, and spreadrisk. We have modeledthesewith two uniform random
variables and Brownian motions. Eacdh risk can be further decomposed
into common and rm-sp ecic parts. We have modeled the common
part of spreadrisk asthe hedgeablepart covered by risky assetsin the
market. Therefore, it is priced exogenouslyvia the processesnvolving
risky assets.The other risks are priced endogenouslyby utilit y-based
pricing.

We have derived a simultaneous partial integro-di erential equation
that givesa theoretical bond price, and solved it numerically with the
empirically estimated parameters.Controlling the parameters,we have
extracted several risk premiums from the bond yield.

Our results support the empirical ndings; that the rm-sp ecic
spreadrisk premium is ignorable and suggestthe existenceof a high
common spreadrisk premium.
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